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Summary of Dual and Quater nion Mathematicsfor Kinematics

Dud and quaternion mathematics are useful tools for describing and computing kinemétics.
Their theoretical foundations are well documented in the literature of theoretica kinematics, and
their gpplication to computer animation and computationa kinematics is becoming more
popular. While their gpplication might be very sraightforward, their descriptionsin the literature
are on the one hand completely fogged in by theoretical surroundings or on the other hand by
seemingly ddliberate obfuscation. Not the least of the problem is that is that workers with
various foundations and motives use various parameterizations and notations to express the
samethings.

Soitistheintent of this paper to present in one place and in what | hope to be consistent
parameterization and notation, a summary of the math of dua numbers, quaternions, and dud
quaternions, and the operations that make them useful for doing kinemétics. Thisis not atutorid
ather in mathematics or in kinematics. It'sjust a collection of notes | assembled on my path of
tears trying to decipher this business.

In each of the sections that follow, the equations and functions shown in the shaded blocks are
Mathcad 2000 implementations of the formulations.

If I've succeeded to the extent that you can review it, I'd welcome corrections or suggestions at
klingener@BrockEng.com.
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1.0 Dual numbers

1.1 Parameterization

d=a+ex, e?=e®=.=0 a, b are real number parameters

The dud number d (sometimes called a'duplex’ number) is composed of a'red’ or
‘primary’ part, a, and a'dud’ partb.

dual(a,b) == [retg—~ a
rety = b di=dwa® 29  d2:=duaf®,s?
e3 e7

ret (4] (4]

1.2 Addition

d, +d, = (a, +a,) +ex(b, +b,) =d, +d,

dual_add(d1,d2 _@4%0
dual_add(d1,d2) := dual(dly + d2;,d1; + d2;) ual_add(d1, )_ré 7 o

1.3 Multiplication

al>d2 =(a,>a,) +e Xb X, +a, >,) =az>dl

047 §
I(d1,d2) = =
dual_mul(d1, d2) = dual(dlo xd2y, diy xd2, + dioxdzy) A-TUEALAD =6, 0
1.4 Division
d,/d, =(a,/a,) +exa, b, - a,%,)/a; a0
d
dual_div(di,d2) = |a- —10
d2o
d2y xd1; - dlgxd2;
d2,)? 2333 §
(62 dual_div(d1,d2) = &€ 0
dual(a, b) e-21539 g
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1.5 Reciprocal

1/d =(l/a)- e(b/a®)=(1/a)(1- e(b/a)) a0

=(a- e b)/a2
_dl u L.
dual_recip(d) : —duaJEd— — dual_recip(d1) = ?0'955 0
0 (dO) e-1824 g

1.6 Power

d" = (a+e>)" =a" +exvba™?

dual_power(d,n) := [a- (do)"

b= nxdyx(dg) ™ 2d.148 %
dual_power(d1,3) = ¢ =
dual(a, b) €658 g

— b b ¢
«/a:«/5+ex—:1/§§1+ex—9 a>0

2-/a 2>a0
& d 0

dual_sqrt(d) := dualcyfdo,——+  dual_sqrt(d1) =1
e 2xdog

1.7 Functions

f(d) = f(a) +e xoxf €a)

sin(d) =sin(a) + e X xcos(a)

cos(d) =cog(a) - e ¥>sin(a)

cot(d) = cot(a) - e >b/sin*(a) sn(a)t 0

1866 ¢
dual_sin(d1) = 2209,
&1l g

dual_sin(d) := dual(sin(dy), d; xcos(dy))

55
dual_cos(d) := dual(cos(dg) - dy xsin(dg)  QUA-eoS(d) = < &-172g

1.8 Application to kinematics - screw displacement definition

Dua numbers are particularly useful for expresson of dud angles, which are, in turn,
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useful for expressing the spatia relationship between skew linesin space. Skew
(non-intersecting) straight lines in space are separated by a perpendicular distance,
d, and the projection of one line onto the other dong that perpendicular forms an
angle, g. Thedud angle describing the relationshipisq =q +e »d .

The dua angle between intersecting lines has a'red part' equd to the angle
between them and a'dua part’ equa to zero.

The dua angle between paralld lines has a'real part' equal to zero and a'dua
part' equa to the perpendicular distance between them..

20 Dual Vectors
2.1 Parameterization
V =V +e W, vV andware Euclidean vectorsin 3- space
\7(VVV) = (W, , Wy, W,)
2.2 Addition
V, +V, =V, +V, +e X W, +W,)
2.3 Multiplication by a dual number
d®/ = (a+ex)qV+exw) =axs +e Xaxw+bxv)
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2.4 Dual scalar (dot) product

V, -V, = (V, +e xW,) - (V, +e x,)
= (V- V, e XV, - W, +W, - V,) :\fz '\71
2.5 Dual vector (cross) product

A

\71,\72 = (v, +ew,)” (V, +exw,)
=(V," Vv, +exV,” W, +W,’ \72)1\/A2' V,

2.6 Application to kinematics - screw axis definition

Dud vectors (or bivectors) are useful for expressng a screw displacement axis.
The axis vector (the direction of the axis of the screw rotation) isthe 'red’ part of
the dua vector, and the moment of the axis vector about the origin (a measure of
the gpatid distance from the origin to the line of action of the axis vector) isthe 'dud’
part of the dual vector.

Z

X

The bivector B = v + e w isavector with magnitude and direction defined by
vector v, condrained to act anywhere dong alinein space with the same direction
as v and passing through the point defined by the position vector r. The primary or
redl part of B isv, and the dud partisw =r x v. The components of B = (v, W, V,,
Wy, Wy, W,) are the Plticker coordinates of the line.
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theta

Any displacement of arigid body in space can be reduced to a screw displacement.
A rigid body undergoes a screw displacement when it turns adua angle about a
bivector (dua vector) axis. The orientation in space of the axisis the red part of
the bivector; the position of the axisis defined by the dud part of the bivector; the
angle through which the body rotates isthe red part of the dud angle; the
trandation of the body in the direction of the axisis the dua part of the angle.
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3.0 Quaternions
3.1 Parameterization

McCarthy Q=c,+ C, M+ C, % + C; XK

i X=] xj=k xk=-1,

i xj=-j ¥=k, jxK=-kxj=i, k¥ =-ixK=]
Bottema & Roth Q=(c,, ¢, Cy, Cy)
Lamb Q=(w, x,Y, 2 real numbers
Vector notation Q=(s, V) sarea number, v a3 - vector
Java3D API Quatd* Q=(X, Y, z, W) same asLamb but in

different order

Hhis URSHONS  Q={w, {x, y, Z}and (s V)

quat(w,X,y,2) := |retg- w
ret; = X
ret, -y

ret3 -~ z

ret
quat_vec(x,Y,2 = quat(0,X,y,2)
3.2 Representations

real number, r: {r,{0,0, 0}

complex number z=x+iy. {x,{y, 0, 0}}

vector quaternion V: {0,{v,, v, v,}}

spherical (rotation) quaternion:{ cos(q/2),{sin(q/2) (s,, S,-S,)}}
whereq = rotation angle and S is the rotation axis unit vector
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3.3 Addition
Q1+Q2 :{W1+W21{X1+X2!y1+Y2121+22}}
=Q+Q
=(s, *5,,V; tV,)
quat_add(g1,q2) := | for i1 0..3
reti ~ ql + A2
ret
© 2001, Fred Klingener. My be Page 8 of 23
reproduced with copyright notice for www. Br ockEng. com’ VMech/ Quat er ni ons/ ki nemat h
personal use. klingener @rockEng. com . pdf

last rev 05/17/01 1:13 AM



V M e C h .. C OMm Fi ghting i mmechanacy on the Wb

3.4 Multiplication

QQ, = {wy X, - X%, - Yy XY, - 2,52, {
Wy, XX, + X XW, + Y, XZ, - Z, Xy, ,
WL XY, +Y,XW, +2) XX, - X X2, ,
W, X2, +2, AW, + X, XY, - Y, XX, }}
= (8%, - V; "V, , S, +8, %, +V; " V,)
The quater nion product between two vector quaterni ons has the
following form:
Vi, ={(0,V,) X0, V,)} ={-V; - V,, V; " V.}
Vo, = (V)™

quat_mul(ql,q2) := |retg = qlo*x02 - qly xq2; - qly xq2; - qlz xq23
rety o qlp g2y + qly xq2y + ql; xq23 - qlz X2,
ret 7 qlp xg2; + ql; xq2y + ql3 xq2; - qly Xq23
ret3 7 qlp 023 + qlz3 xq2y + qly xa2; - ql; Xq2y
ret

quat_mul_scalar(q,s) := | for iT 0..3

reti = g xs
ret
3.5 Conjugate
Q* = {W,{'X,'y,'Z}}
= (S! - \7)
The conjugate of avector quaternionV = (0, v) isV* = (0, - V)
V*=-V

quat_conj(q) = quat(do, - dy,- Az, - )
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3.6 Norm

N(Q) = QXQ = (W +Xx* +y* +2°)
=(s*+V- V)
The norm of avector quaternionV = (0, V) isN(V) =V - V* =v -V

quat_norm(q) := quat_mul(q, quat_conj(q))q

quat_normalize(q) := a4

|l
quat_unit_vec(x,y,2) = quat_normalize(quat_vec(x,Y,2))

3.7 Inverse

If A=(a,a), Q=(s V), find A suchthat AxQ = (1,0)
ax+sxda+a’ v=0
a v=0p a=kxw
ax+sxkx =0p a=-kxs
ax-a-v=1
kxs? - kX7 v =1P - kxN(Q) =1,k = - 1/ N(Q)
a=s/N(Q),a=-v/N(Q
A=Q" =Q*/N(Q)
If Visavector quaternion = (0, V), thenV ™ =(0,- V) /V -V
If Qisaunit quaternion (N(Q)=1) then Q"' = Q*

_ Quat_conj(q)

quat_inv(q) =
quat_norm(q)
© 2001, Fred Klingener. My be Page 10 of 23
reproduced with copyright notice for www. Br ockEng. com’ VMech/ Quat er ni ons/ ki nemat h
personal use. klingener @rockEng. com . pdf

last rev 05/17/01 1:13 AM



V M e C h .. C OMm Fi ghting i mmechanacy on the Wb

3.8 Applicationsin kinematics - spherical transformations

A spherical (rotation) transformation can be expressed by the form:
X=RxxxR*
where X and x are vector quaterni ons (with aform shown
in section 3.2) representing points in fixed and moving reference
frames respectively, and R is arotation quaternion (with aform
shown in section 3.2), and R* isits conjugate.

This transformation is equivalent to the common matrix transformation

X B R X
AR
where, here, X and x are 3- vectors, and Risthe3” 3
rotation matrix.

quat_rot(t,n) := |s - sin.?‘"tiQ

ez2g

quatr%osé‘g Qs XNq,S XNy, S ><n39
e e2Zg (4]

quat_transform(Q, x) := quat_mul(quat_mul(Q,X),quat_conj(Q))
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4.0 Dual Quaternions

4.1 Par ameterization

Q  =Q+e>qQe
Q= "red" quaternion part, Q'= "dual" quaternion part
={w{x,y,Z} te {w{xX,y', z}}

Both Bottema & Roth and McCarthy use parameterizations that,

in this context, look like Q'= QWQ. Asaconsequence,

Q=(1+e Q®XQ

In kinematics, Q,Q',and Q&have special forms (discussed later) that

simplify manipulations.

dualquat(w,x,y,z, w0,x0,y0,20) := |retg o~ W
ret; - X
retz o Y
ret3 o z
retp 1 - w0
rety 1 - X0
ret -~ yo
ret3 1 - 20

ret

4.2 Representations

real number r: {r,{0,0,0} +e ¥0,{0,0,0}}
complex number z=x+iy.  {x,{y, 0,0}} +e X0, {0, 0, 0}}

dual numberd =a+ex: {a{0,0,0}} +exb,{0,0,0}}
guaternion Q: {w,{x, y, 2} +e X0, {0, 0, 0}}

dual vector quaternion: {0, {v,, v,, v,}} +e ¥0,{0,0, G}}
dual bivector quaternion {0, {v.v,,v,)) +eX0,{w,,w,,w,}}
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dualquat_quat(qr,qd) := | for i1 0.3

reti o= qr
for i1 0.3
reti 1~ qd
ret

dualquat_vec(x,y, 2) := dualquat(0,x,y,z,0,0,0,0)
dualquat_bivect(v1,v2,v3, wl, w2, w3) := dualquat(0,v1,v2,v3,0, wl, w2, w3)

dualquat_vec_rad(x,y,z,rx,ry,rz) := |V - quat_vec(X,y,2)
R - quat_vec(rx,ry,rz)
dualquat_quat(V, quat_cross(R,V))

dualquat_getReal(q) == | for i1 0.3
reti - dio
ret

dualquat_getDual(q) := | for iT 0..3
reti = i 1
ret

dualquat_getRad(q) := |V = dualquat_getReal(q)
W - dualquat_getDual(q)
quat_mul(V, W)
quat_norm(V)

4.2 Addition

Q +Q, =(Q +e QY +(Q, +e Q")

=(Q +Q, +e XQg+ QY
dualquat_add(ql,q2) := | for jT 0.1
for il 0.3
reti j - 9L+ 02
ret

© 2001, Fred Klingener. My be Page 13 of 23
reproduced with copyright notice for www. Br ockEng. com’ VMech/ Quat er ni ons/ ki nemat h
personal use. klingener @rockEng. com . pdf

last rev 05/17/01 1:13 AM



V M e C h .. C OMm Fi ghting i mmechanacy on the Wb

4.3 Multiplication

QQ, = (Q, +e QP XQ, +e Qg
=Q, *Q, +e XQ Qg+ QPQ,)

The product of two dual vector quaternions has the following form:

V, ¥, =(0,{V,;}}+ex0,{0}})x{0, {V,}} +e X0, {0}})
=({- V- %, {V, " %,}} +e X0,{0}})

dualquat_mul(gl,02) := | gqlR = dualquat_getReal(ql)

g1D - dualquat_getDual(ql)

g2R - dualquat_getReal(q2)

g2D -~ dualquat_getDual(g2)

Pl - quat_mul(glR, g2R)

P2 = quat_mul(glR, g2D)

P3 - quat_mul(glD, g2R)
dualquat_quat(P1, quat_add(P2, P3))

4.4 Conjugate

Q* = Q* +e Q™
If Q'=Q®Q, then
Q" = Q* +e (Q®WQ)* = Q* +e Q* QW = Q*X1+e Q)

The conjugate of adual vector quaternion V* = -V

dualquat_conj(q) := |gR = dualquat_getReal(q)
gD - dualquat_getDual(q)
dualquat_quat(quat_conj(gR),quat_conj(gD))
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45Norm

N(Q) =QxQ
=(Q+e Q)XQ* +e Q™) = Q>XQ* +e (QRQ* +Q>Q*)
If Q'=Qa&Q, and Qdtis avector quaternion (Qa=- Qdt), then
N(Q) =(1+e Qi)>QxQ*l+e Q)
=N(Q)x(1+e (Qe+Qe))
=N(Q)
The norm of adual vector quaternion V = {{0, {V}} +e >0} isN(V) =V - v

dualquat_norm(q) := dualquat_mul(q, dualquat_conj(q))
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4.6 Inverse

O'xQ=1+e 0=1
set Q' = A+e B, and solve for A, B.
(A+texB)qQ+exQ')=1= AxQ+e XBQ+AxXQ)

AxQ=1
A=Q*
(BxQ+AXQ") =0
BxQ=- AQ=Q"Q
B=-Q QY
Q' =Q'-ex(Q"QQ")=Q'(1-eQQ"
If
1. Q¢=QaQ and
2. Qisaunitquaternion (N(Q) =1, Q"' = Q*), and
3. Qisavector quaternion (Qd = - Qd)
then
Q' =Q*Al- e Q®QXQY) =Q*X1- e QY
=Q*X1+e Q®)
¢t =60

This form echos the (plain) quaternion inversein section 3.7.

dualquat_inv(q) := [gR = dualquat_getReal(q)

gRi = quat_inv(qR)

gD - dualquat_getDual(q)
Qtemp = quat_mul(gRi,gD)
Qtemp - quat_mul(Qtemp, gRi)
ret = dualquat_quat(gRi, Qtemp)
ret

4.7 Applicationsin kinematics - spatial transformations

The dua quaternion can be used to express the spatia transformations associated
with screws. A screw motion is described as dud angular displacement about a
dud vector axis. The dua angular displacement consists of arotation (the 'red’ part
of the dua angle) about the screw axis and atrandation (the 'dud’ part of the dua
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angle) dong the screw axis. The dua vector screw axis congsts of adirection (the
red’ part of the dual vector) and its moment (the 'dud’ part of the dua vector)

about the origin.

Any rigid body displacement can be decomposed into a particular screw
displacement about a particular screw axis.

4.7.1 Vector dual quaternion:

p={0.{p,. By, p.}} +&%0,{0,0,0}} ={p+e >0}

4.7.2

Dual spherical (rotaion transform) quaternion:

Q={cos%, ﬁxsin%} re{ 0,{0,0,0}} ={R+e x0}

4.7.3

-1 @0 o i
Q—_TlcoSézz, Sngz(S)Iv)

Dual screw transform quaternion:

The screw displacement is the dual angle qA =qg+exd, aong
the screw axis defined by the dual vector § = n+e xm
Recalling the trigonometric identities from section 1.7,

A d d
Q= (cosg- e><—>sinq—, ﬁ>ein%+e ><(rﬁ>sin%+ ﬁxEx:osﬂ)

2 2 2
q

2
q

3 = 9 rgndsq 9 ind rmoain® + 9 s reosd
Q—{{cosz,{smzxn}}+e>{ 2>S|n2,{m>45|n +2><n>cosz}}}

dual quaI_screw(q_hat,s_hat) =

2

q - d_hatg

d- q_hat;

n - dualquat_getReal(s_hat)
m - dualquat_getDual(s_hat)
Q0 - quat_rot(q,n)

Qlo—| -ggxsnéa_qg
e2gp e2g
for il 1.3
Q1 - mxsinriai9+ ggxni xcosria_qg
€2g ez2g e2g

dualquat_quat(QO0, Q1)
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4.7.4

4.7.5

4.7.6

4.7.7

4.7.5

Combined trandation along and rotation about an axis through the origin
(S=n+ex))
q

3 = 9 rsind i 9 ind 9 n ol
Q—{{cosz,{sm ><n}}+e><{-2>sm2,{2><n>cosz}}

2

Pure rotation (d =q +e x0) about an axisthrough the origin (S =i +e »0)

Q= {{cosy, {fsin}} +e{0})

Pure trandlation (qA =0+e xd) aong any axis (S =i +e xm)

Q={{1, {0 }} +e A0, { S}

Dual spatial (rotati on plus translation transform) quaternion:

A T

Q={R+ex}

Note: Risthe unit rotation quaternion and T is the vector trandlation
guaternion. Intermsof the earlier genera development, R = Q, T = Qdf; so that

Q*=(1+e T¥)xQ*

dualquat_spatial(t,n,d) := |R = quat_rot(t,n)
T = quat_mul_scalar(d,0.5)
dualquat_quat(R,quat_mul(T,R))

dualquat_spatial_Bottema_p522(t,n,d) := |R - quat_rot(t,n)

Do~ 05x(Ry xdy + Ry xdy + Rz xd)

Dy~ 05x(-Rpxdy - Rgxdy + Ry xdy)
D, - 05x(Rgxdy - Ryxdy - Ry xds)

D3~ 05x(-Ryxdy + Ry xdy - Ry xd3)
dualquat_quat(R, D)

General transform:

P=Q, xp>Q, , wherep={p+e>x0} andP ={P+e 0}

are dual vector quaternions representing points p and P in the moving
and fixed coordinate systems, respectively, and Q, , Q are

dual transform quaternions described in the following sections
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dualquat_transform(Q, X) := dualquat_mul(dualquat_mul(Q, X), dualquat_conj(Q))
4.7.6 Purerotation:
={R+ex0}; Q. =Q * ={R* +e 0}
P={P+ex0} ={R+e>0}{p+exq{R* +e>0};
|5:{R><p><R*+e>O}, P = RxpxR*

This quaternion transformation is equivalent to the common
matrix transformation:

Pl |IR Q]p
1 0 1 H
where, here, P and p are 3- vectors, and Risthe 3" 3
rotation matrix.

4.7.7 Puretrandation:
T N N T*
:{1+e><5} QR:QL*={1+eX7}
A T T*
P :{P+e>0}:{1+e><—}{p+e>0}{1+e><—}
T* p XT *
‘{p+e>(—)}{l+e><—} {p+e><(—+ > — )}
pPXT* =- pXT =+T xp

P =(pteXTxp}}
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4.7.8 Combined rotation and trandation:

. TR *

O ={Reex T} G =Qr={Rrex )

A TxR R* > *

P :{P+e>0}={R+exT}>{p+e>O}>{R*+exT}
=(Rxp+e (D)) R He )

5 TxRxpxR*  RxpxR* X *

P ={RxpxR* +e X > + > )}

Because (Rxp xR*) and T are vector quaterni ons,
(RXpXR¥) T* = - (RXp xR*) AT = +T Y Rp>R*)

Thisdua quaternion transformation is equivalent to the common
matrix transformation:

Pl R T||p
1 10 1|1

where, here, P and p are 3- vectors, Risthe 3" 3 rotation
matrix, and T isthe 3" 1 trandation matrix.

5. Discussion
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Case | Description Results
1 Z‘ Case 1 - null transformation
Rotation: n:= quat_vec (0,0,1)
t:=0xdeg
2 Translation: d:= quat_vec (0,0,0)
Yy
Input vector: p := dualquat_vec (10,0,0)
I
D p:glo 0 _clo 0. R:(;o+
GO0 0+ GO0 0+ Go+
X X &0 0g €0 Og e0g
2 y4 Case 2 - rotation 45 degrees about the z axis
‘/ Rotation: n:=quat_vec (0,0,1)
t := 45 xdeg
z -y Translation: d:= quat_vec (0,0,0)
A
Input vector: p := dualquat_vec (10,0,0)
00 0 00 0
p ? - ? = -
X 910 0~ 97.071 0- 0~
p= P= R = g
t GO0 0~ ¢7.071 0~ GO~
€0 Og e 0 Og e0g
X
3 Z A Case 3 - translation (1,2,1.5)
V4
‘/ Yy n:=quat_vec (0,0, 1)
t:= 0xdeg
/ Translation: d:= quat_vec (1,2,1.5
/ g Input vector: p := dualquat_vec (10,0,0)
4
p
eeO 00 eeO 00 geo 0
X . .
dy IC):(;100_ _ 10 OT R=QOT
dx GO O~ GO0 15—+ c2~
@0 Og @0 -20g @l5g
X
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4 Case 4 - translation (1,1,1) and 45 degrees rotation abo
n:=quat_vec(0,0,1)
t:= 45xdeg
Translation: d :=quat_vec(1,1,1)
Input vector: p :=dualquat_vec (10,0,0)
0% &0 0 0 o
10 0~ C7071  -7071 0~
p=¢ " T p=§ - R=%7
o 0+ ¢7.071 7.071 =+ co~
80 0g g 0 1776 10‘153 elg
5
6
7
8
9
10
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